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In this paper, we show that any two even triangulations on the torus with the same and
sufficiently large number of vertices can be transformed into each other by a sequence of
two specifically defined deformations called an N-flip and a P2-flip, up to isotopy, if and
only if they have the same monodromy.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
A triangulation G on a surface F 2 is a map of a simple graph on F 2 such that each face is triangular. A triangulation G is said
to be even if each vertex of G has even degree. Even triangulations are worth considering since they are Eulerian, that is, they
have a closed walk passing through all edges exactly once. (In [2,5], even triangulations are called Eulerian triangulations.)
Moreover, it is known that all planar even triangulations are 3-colorable. In fact, though all even triangulations on non-
spherical surfaces are not necessarily 3-colorable, the 3-colorability of even triangulations plays an important role in our
paper.
We define two transformations for even triangulations. Suppose that an even triangulation G has a hexagonal region
v1v2v3v4v5v6 with diagonals v1v3, v3v6 and v4v6 and no inner vertices. The N-flip of the path v1v3v6v4 is to replace the
diagonals v1v3, v3v6 and v4v6 with v1v5, v2v5 and v2v4 in the hexagonal region, as shown in the left-hand side of Fig. 1. If
the resulting graph is not simple, then we do not apply it.
Let G be an even triangulation on a surface and let v be a vertex of Gwith the neighbors v1 · · · vk appearing in this cyclic
order. Put two vertices x and y on vv1 and join them to v2 and vk, and let G′ be the resulting graph. The P2-flip of {x, y} in G′
is to move the inserted vertices x and y to the edge vv2 to join them to v1 and v3, as shown in the right-hand side of Fig. 1.
Similarly to the above, if the resulting graph is not simple, then we do not apply the operation.
It is easy to see that both of N- and P2-flips transform an even triangulation into an even triangulation. Two even
triangulations are said to be N-equivalent if they can be transformed into each other by a sequence of N-flips and
P2-flips. Note that both N- and P2-flips preserve the 3-colorability of even triangulations, and hence a 3-colorable even
triangulation is never N-equivalent to a non-3-colorable one. Moreover, an N-flip preserves the tripartition of a 3-colorable
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Fig. 1. Two local transformations.
even triangulation G, that is, if V (G) = A∪ B∪ C be the tripartition of G, then N-flips preserve (|A|, |B|, |C |), which is called
the tripartition size of G. Hence if two even triangulations G and G′ have the same number of vertices but distinct tripartition
size, G and G′ can never be transformed into each other only by N-flips. On the other hand, P2-flips change the tripartition
size of G. Since a P2-flip is applied to two neighboring degree four vertices, there are two even triangulations with the same
number of vertices which cannot be transformed only by P2-flips. Therefore, we need both of N- and P2-flips to transform
even triangulations.
It was proved in [14] that any two even triangulations on the sphere with the same number of vertices are N-equivalent,
up to isotopy. Moreover, the same fact holds for the projective plane if both or neither of the two even triangulations are
3-colorable [13]. In those two papers, it was proved that any two 3-colorable even triangulations on the sphere and the
projective plane with the same tripartition size can be transformed into each other only by N-flips.
The following theorem has been proved for any surfaces.
Theorem 1 ([3]). For any surface F 2, there exists an integer N(F 2) such that two even triangulations G and G′ on F 2 with
|V (G)| = |V (G′)| ≥ N(F 2) can be transformed into each other, up to homeomorphism, by a sequence of N- and P2-flips, if
and only if their monodromies are congruent.
In order to understand the above theorem, we have to define an invariant, called a ‘‘monodromy’’, for an even
triangulation G on a surface F 2, which is a homomorphism from the fundamental group π1(F 2, x) of F 2 with a base point x
to the symmetric group S3 consisting of all permutations on {1, 2, 3}. The concept of ‘‘monodromy’’ goes back to [17], and
this was used for analyzing a structure of non-3-colorable even triangulations on surfaces [2,5,9,10].
LetG be an even triangulation on a closed surface F 2. LetW = f0f1 · · · fk be a sequence of faces ofG, called a face walk, such
that fi and fi+1 share an edge, for i = 0, 1, . . . , k− 1, where f = f0. Define the bijection σG,W ,f : V (f0)→ V (fk) recursively,
as follows. LetWi = f0 · · · fi for i = 0, 1, . . . , k. For i = 0, σG,W0,f = id. For i > 0, define σG,Wi,f so that σG,Wi,f and σG,Wi−1,f
coincide on V (fi−1) ∩ V (fi). IfW is closed (i.e., k > 0 and f0 = fk) and we fix a bijection c : V (f )→ {1, 2, 3}, called an initial
assignment, then σG,W ,f determines a unique element
c(v1) c(v2) c(v3)
c(σG,W ,f (v1)) c(σG,W ,f (v2)) c(σG,W ,f (v3))

∈ S3,
where V (f ) = V (fk) = {v1, v2, v3}. Note that σG,W−1,f = (σG,W ,f )−1, where W−1 is the closed face walk of G with the
opposite direction of W . It is easy to see that if two closed face walks W1 and W2 of G containing f are homotopic (i.e., the
two closed walksW ∗1 andW
∗
2 of the surface dual G
∗ of G corresponding toW1 andW2 respectively are homotopic on F 2 as
simple closed curves), then we have σG,W1,f = σG,W2,f [5], and that ifW is contractible on F 2 (i.e.,W ∗ bounds a 2-cell on F 2),
then σG,W ,f = id. So, by σG,W ,f for each closed face walkW containing f with a fixed initial assignment c : V (f )→ {1, 2, 3},
we can define a homomorphism σG,f c : π1(F 2, x) → S3, regarding W ∗ as an element of π1(F 2, x), where x is a point on F 2
corresponding to the vertex f ∗ of G∗. (Note that each element of π1(F 2) has an orientation.)
Two homomorphisms σ , σ ′ : π1(F 2, x)→ S3 are said to be equivalent and denoted by σ ≈ σ ′ if there exists s ∈ S3 with
σ s = sσ ′. Clearly, if we take an initial assignment c ′ : V (f ) → {1, 2, 3} other than c , then we might have σG,f c′ ≠ σG,f c
but σG,f c′ is equivalent to σG,f c . Let f and f
′ be two faces of G and let P be a face walk in G from f ′ to f . Observe that for each
closed face walk W of G starting and ending at f , we can take a closed face walk W ′ = PWP−1 starting and ending at f ′.
Then, if we let σG,P,f ′ : V (f ′) → V (f ), we have σG,W ′,f ′ = (σG,P,f ′)−1σG,W ,f σG,P,f ′ . Since σG,P,f ′ is a bijection between V (f ′)
and V (f ), σG,f ′c′ is equivalent to σG,f c for some initial assignment c
′ : V (f ′)→ {1, 2, 3}. Consequently, the equivalence class
of σG,f c is independent of the choice of f and c. It is called a monodromy of G and denoted by σG. We always regard σG as a
homomorphism fromπ1(F 2) to S3, wherewe use the notationπ1(F 2) instead ofπ1(F 2, x). By the definition, G is 3-chromatic
if and only if σG is trivial (i.e., for any l ∈ π1(F 2), σG(l) = id).
Observe that both of an N-flip and a P2-flip preserve the monodromy of even triangulations, that is, if we let G be an
even triangulation and let G′ be the one obtained from G by an N-flip or a P2-flip, then we have σG ≈ σG′ . For two even
triangulationsG andG′, σG and σG′ are said to be congruent and denoted by σG ∼ σG′ , if σG ≈ σh(G′) for some homeomorphism
h : F 2 → F 2. Then, if G and G′ are two even triangulations which can be transformed by the two transformations, up
to homeomorphism, then we have σG ∼ σG′ . (Hence, the contribution of Theorem 1 is to prove its converse for even
triangulations on any surface with the same and sufficiently large number of vertices.)
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Fig. 2. A set of Dehn twist generators forMg .
Suppose that we are given two even triangulations G and G′ on the same surface F 2 with the same monodromy and
the same and sufficiently large number of vertices. By Theorem 1, G and G′ can be transformed into each other by N- and
P2-flips, ‘‘up to homeomorphism’’. This means that G can be transformed into a homeomorphic image of G′ by these
operations, but does not necessarily guarantee that G can be transformed into G′ directly, up to isotopy. Actually, the
combinatorial argument in [3] does not distinguish a difference of two homeomorphic even triangulations.
In this paper, we shall prove the following theorem for the torus. (Note that any homeomorphism on the sphere and the
projective plane is an isotopy, and hence Theorem 1 is equivalent to its isotopy version for those surfaces.)
Theorem 2. There exists an integer N such that two even triangulations G and G′ on the torus with |V (G)| = |V (G′)| ≥ N can
be transformed into each other by N- and P2-flips, up to isotopy, if and only if σG ≈ σG′ .
This research on even triangulations has been motivated by the earlier results on diagonal flips in triangulations [16,18]
and quadrangulations [7,6,8]. (See the survey papers [16,8] for triangulations andquadrangulations, respectively.)Moreover,
the isotopy version of the theorems for triangulations and quadrangulations were already considered in [11,12], but the
method used there cannot be easily applied to even triangulations, as described in the final section.
2. Mapping class groups, Dehn twists and N-flips
Let F 2 be a surface and letΓ (F 2) denote the group of all the homeomorphisms from F 2 onto itself. Then the set consisting
of homeomorphisms isotopic to the identitymap, denoted byΦ(F 2), forms a normal subgroup in Γ (F 2). The quotient group
Γ (F 2)/Φ(F 2) is called the mapping class group (or the homeotopy group) of F 2 and is denoted by Λ(F 2). The mapping class
groupΛ(F 2) is the set of isotopy classes of homeomorphisms of F 2 and contains at most countably many elements.
Let γ be a 2-sided simple closed curve on a surface F 2, that is, one with an annular neighborhood. Cut open F 2 along γ ,
twist one of the boundary components 360° and identify the resulting two boundary components again. This transformation
of F 2 naturally induces an auto-homeomorphism of F 2. We call this homeomorphism (or its isotopy class) the Dehn twist
along γ and denote it by τ(γ ). We call τ(γ ) a Dehn twist of positive direction, and τ(γ )−1 one of negative direction. We also
call τ(γ )n an n-Dehn twist along γ .
It is known that the mapping class group Λ(Mg) of an orientable surface Mg of genus g (≥1) is generated by Dehn
twists and one orientation-reversing homeomorphism, and that Dehn twists generate a subgroup of Λ(Mg) of index 2 [4].
Humphries has determined generators of the subgroup as in the following lemma.
Lemma 3 ([1]). Any orientation-preserving homeomorphism of Mg with (g ≥ 2) is expressed by a sequence of Dehn twists along
the 2g + 1 simple closed curves a1, . . . , ag , b1, b2, c1, . . . , cg−1 shown in Fig. 2. Any orientation-preserving homeomorphism of
the torus M1 is expressed by a sequence of Dehn twists along a1 and b1.
Let F 2 be a surface and let l be an essential 2-sided simple closed curve on F 2, that is, one not bounding a 2-cell on F 2. An
m-ladder Lm form ≥ 4 is a map on F 2 which consists of two disjoint cycles C = v1 · · · vm and C ′ = v′1 · · · v′m homotopic to l,
and edges viv′i for i = 1, . . . ,m, where the annulus bounded by C and C ′ has no inner vertices. A triangular ladder of length
m, denoted by Tm, is the map obtained from them-ladder Lm by adding a diagonal vivi−1 for each i, where the subscripts are
taken modulo m. A quadrangular ladder of length m, denoted by Qm, is the map obtained from Lm by adding a new vertex
into each quadrilateral face of Lm and joining it to all the four vertices on the corresponding boundary. An even triangulation
G on F 2 is said to have Tm (or Qm) along l if G has Tm (or Qm) as an induced subgraph so that C and C ′ are homotopic to l and
that all triangular faces of them are faces of G. We call Tm and Qm in G ladder strips.
Let s ∈ S3, where S3 denotes the group of all permutations of {1, 2, 3}. The order of s is the minimum integer k > 0 such
that sk = id.
Lemma 4. Let G be an even triangulation on a surface F 2 and let l be a 2-sided essential simple closed curve on F 2. Then the
following holds:
(i) G can have a triangular ladder T3k along l if and only if σG(l) = id. A 1-Dehn twist τ(l) in G can be obtained by a sequence
of N-flips in T3k if k ≥ 2.
(ii) G can have a triangular ladder T3k+1 or T3k+2 along l if and only if σG(l) is of order 3. A 3-Dehn twist τ(l)3 in G can be
obtained by a sequence of N-flips.
(iii) G can have a quadrangular ladder Q2k+1 along l if and only if σG(l) is of order 2. A 2-Dehn twist τ(l)2 in G can be obtained
by a sequence of N-flips.
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Fig. 3. Dehn twists by N-flips in Tm and Qm .
Proof. Fig. 3 shows how to make a Dehn twist along l by a sequence of N-flips. Note that each N-flip does not break the
simpleness of the graph since G has Tm and Qm as induced subgraphs. In the top, them N-flips shift three vertices in Tm, and
hence we have (i) and (ii). In the bottom, them N-flips shift two vertices in Qm, and hence we have (iii). 
Remark that in Lemma 4, (i) means that σG(l) is the identity, (ii) means that σG(l) is of order 3, and (iii) means that σG(l)
is of order 2. Since each N-flip preserves the monodromy of G, a 1-Dehn twist along l cannot be obtained by a sequence of
N-flips if σG(l) is of order 2 or 3.
At the end of this section, we put the theorem for the torus which is obtained from Theorem 1 by a suitable modification,
as done in [11,12].
Theorem 5. There exists an integer N ′ such that any two even triangulations G and G′ on the torus with |V (G)| = |V (G′)| ≥ N ′
can be transformed into each other by N- and P2-flips, up to orientation-preserving homeomorphism, if σG ≈ σG′ . 
3. Main lemma
In this section, we shall prove the following lemma which essentially proves our main theorem. In the rest of the
paper, let Gh denote the image of a map G on a surface F 2 by a homeomorphism h. In particular, if h is a composition of
homeomorphisms, that is, h = w1 · · ·wn, then we denote Gh = Gw1···wn = wn(wn−1(wn−2 · · · (w1(G)))).
Lemma 6. Let σ be a monodromy for the torus. Then there is an even triangulation H on the torus with σH ≈ σ such that for any
orientation-preserving homeomorphism h preserving σ , H and Hh are N-equivalent up to isotopy. Moreover, there is an integer
K such that for any n ≥ K, there is the above-mentioned H with n vertices.
We first determine the congruence classes of monodromies on the torus, as follows. Let S3 be the set of all permutations
of {1, 2, 3}. Then we have S3 = {id, r1, r2, r3, ρ, ρ2}, where ri fixes i and exchange i+ 1 and i− 1, and ρ shifts i into i+ 1 for
all i (the numbers are taken modulo 3). Note that ri is of order 2 since r2i = id for i = 1, 2, 3, and that ρ and ρ2 are of order
3 since ρ3 = id and (ρ2)3 = id. Since a monodromy σ : π1(T 2) → S3 is a homomorphism and since π1(T 2) is generated
by a meridian a and a longitude b (i.e., two essential simple closed oriented curves on T 2 crossing at exactly one point), the
monodromy σ : π1(T 2)→ S3 can be expressed by σ = (σ (a), σ (b)).
Proposition 7. There exist exactly three congruence classes for the monodromies on the torus, which contains (id, id), (r1, id)
and (ρ, id) as representatives, respectively.
Proof. It is easy to see that on the torus, aba−1b−1 = 1, that is, ab = ba, where each of a and b is any element of π(T 2).
Since a monodromy σ : π1(T 2) → S3 is a homomorphism, we must have σ(a)σ (b) = σ(b)σ (a), that is, σ(a) and σ(b)
are commutative. Observe that for any distinct i, j ∈ {1, 2, 3}, ri and rj are not commutative, and that an element of order 2
and an element of order 3 are not commutative, either. Moreover, there is a homeomorphism over T 2 exchanging a and b.
Therefore, unless σ = (id, id), we may suppose that σ(a) = r1 or σ(a) = ρ.
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Fig. 4. Dehn twists transforming a into b.
Suppose that σ(a) = r1. Then we have σ(b) = id or σ(b) = r1. In the latter case, take an element ab instead of b. Then
we have σ(ab) = σ(a)σ (b) = r21 = id. Since there is a homeomorphism carrying a, b into a, ab respectively, σ is congruent
to (r1, id).
Suppose that σ(a) = ρ. Then, unless σ(b) = id, we have σ(b) = ρ or σ(b) = ρ2. In the former, take ab−1 ∈ π1(T 2)with
σ(ab−1) = σ(a)σ (b)−1 = ρρ−1 = id. In the latter, take ab ∈ π1(T 2)with σ(ab) = σ(a)σ (b) = ρ3 = id. So σ is congruent
to (ρ, id). 
Consider an even triangulation G on the torus with ladder strips A1, . . . , An along essential simple closed curves
a1, . . . , an, respectively. We have to note that after Dehn twists along several ladder strips by N-flips, a ladder strip Ai might
not be homotopic to ai for each i. So the following is important.
Lemma 8. Let F 2 be a surface and let γ be an essential 2-sided simple closed curve on F 2. Let ω be a homeomorphism over F 2
and let γω denote the image of γ by ω. Then a 1-Dehn twist along γω is ω−1τ(γ )ω, that is, τ(γω) = ω−1τ(γ )ω. 
We fix a meridian a and a longitude b on the torus and those of Dehn twists τ(a) and τ(b) along a and b, as in Fig. 4. Then
we have a well-known relation:
Lemma 9. τ(a)τ (b)τ (a) = τ(b)τ (a)τ (b).
Proof. Fig. 4 shows that aτ(b)τ (a) = b. Thenwe have τ(aτ(b)τ (a)) = τ(b). So, by Lemma 8, τ(a)−1τ(b)−1τ(a)τ (b)τ (a) = τ(b),
and so the lemma follows. 
By Fig. 4, we obtain the following proposition.
Proposition 10. aτ(b) = ab, aτ(b)τ (a) = b, bτ(a) = ba−1 and bτ(a)τ (b) = a−1. 
Lemma 11. Let F 2 be a non-spherical surface and let a1, . . . , am be essential 2-sided simple closed curves on F 2. Let G be an even
triangulation on F 2 which has a ladder strip Ai along ai for each i. Suppose that an ni-Dehn twist along ai is possible by N-flips in
Ai for each i, where ni ∈ {1, 2, 3}. Let h be any homeomorphism of F 2 which is expressed as a sequence of τ(a1)n1 , . . . , τ (am)nm
and their inverses. Then G and Gh are N-equivalent, up to isotopy.
Proof. Suppose that h = w1 · · ·wk, where each wi is an nj-Dehn twist along aj for some j, where nj ∈ {1, 2, 3}. We use
induction on the length k of h. If k = 0, then the lemma clearly holds.
We may suppose thatw1 = τ(a1)n1 and put h = w1h′. Consider a homeomorphism h′−1τ(a1)−n1h′, which decreases the
length of h, since Gτ(a1)n1 h′×h′−1τ(a1)−n1 h′ = Gh′ . We shall prove that the Dehn twist h′−1τ(a1)n1h′ in Gh can be realized as a
sequence ofN-flips. Since A1 is not deformed by τ(a1)n1 inG,Gh has the ladder strip (A1)h′ . By Lemma 8, the Dehn twist along
(A1)h′ in Gh is a homeomorphism h′−1τ(A1)h′. Therefore, we can apply the inverse direction of an n1-Dehn twist along (A1)h′
by N-flips in Gh to obtain Gh′ , since (h′−1τ(a1)n1h′)−1 = h′−1τ(a1)−n1h′. By induction hypothesis, Gh′ and G are N-equivalent
up to isotopy. Hence Gh is N-equivalent to G, up to isotopy. 
Now we prove Lemma 6.
Proof of Lemma 6. By Proposition 7, there are exactly three congruence classes of monodromies for the torus with
representatives (id, id), (r, id), (ρ, id), where r and ρ are elements of S3 of order 2 and 3, respectively.
Let a and b be a meridian and a longitude of the torus, and let G be an even triangulation on the torus with monodromy
σ . Observe that if σG(a) = id, then a 1-Dehn twist τ(a) preserves the monodromy, that is, σG ≈ σGτ(a) . However, a 1-Dehn
twist τ(a)with σG(a) ≠ id preserves σG(a), but changes σG(b) into σG(b)σG(a) or σG(b)σG(a)−1, depending on the direction
of the Dehn twist.
Let h be any orientation-preserving homeomorphism over the torus preserving the monodromy σ . Then we may put
h = w1 · · ·wm, where each wi is either τ(a), τ (b), τ (a)−1 or τ(b)−1, by Lemma 3. We may suppose that w−1i ≠ wi+1 for
each i. (For otherwise, h could be shortened.) We call m the length of h, and use induction on m. Clearly, if m = 0, then the
lemma holds.
In order to use Lemma 11, we shall find a finite set Ω of essential 2-sided simple closed curves such that any h can be
decomposed into a product of
(i) a 1-Dehn twist along some α ∈ Ω with σ(α) = id,
(ii) a 2-Dehn twist along some β ∈ Ω with σ(α) ≠ id but σ(β)2 = id, and
(iii) a 3-Dehn twist along some γ ∈ Ω with σ(α) ≠ id but σ(ω)3 = id.
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Fig. 5. Transition diagram of monodromies congruent to (r, id).
Then, if we let H be an even triangulation on the torus with ladder strips along all elements inΩ , then for any orientation-
preserving homeomorphism h over the torus, H and Hh are N-equivalent, up to isotopy, by Lemma 11.
Moreover, if the above-mentioned H with n vertices exists, then we can get an even triangulation H ′ satisfying the
property required in the lemma which has any number of vertices at least n + 2, as follows. Let abc and bcd be two faces
of H sharing an edge bc which are not contained in any ladder strips. Subdivide bc by two vertices x and y and join x, y to
both a and d, we get an even triangulation with n+ 2 vertices satisfying the lemma. If we put a 3-cycle xyz in the interior of
the face abc to add edges xa, xb, yb, yc, zc, za, then we can increase the number of vertices by 3. We can combine these two
operations to increase the number of vertices by any number at least 2.
Case 1. σ = (id, id).
Observe that any orientation-preserving homeomorphism h can be expressed as a sequence of τ(a), τ (b), τ(a)−1, τ (b)−1,
and that σ(a) = σ(b) = id since σ is trivial. We need a, b ∈ Ω .
Case 2. σ = (r, id).
We denote themonodromy σ = (σ (a), σ (b)), and consider the transition ofmonodromies by τ(a) and τ(b). Fig. 5 shows
a transition diagramD ofmonodromies byDehn twists along a and b. Each directed edge xy corresponds to either τ(a) or τ(b)
and changes a monodromy x into y, and a loop in Dmeans a Dehn twist along a or b preserving the monodromy. A path and
a walk in Dmight pass through a directed edge in the converse direction, and hence they are not necessarily directed. Then
h = w1 · · ·wm corresponds to a closed walkW = v0e1v1e2v2e3 · · · vm−1emvm in D, where vi is either of (r, id), (r, r), (id, r)
for i = 1, . . . ,m − 1, and ej is a Dehn twist wj which is either of τ(a), τ (b) or their inverses for j = 1, . . . ,m. We may
suppose that W starts and ends at v0 = vm = (r, id), since we can choose a, b so. Observe that W must pass through a
loop ei, or have a reciprocation (ei, ei+1) (i.e., vi ≠ vi+1 but vi = vi+2 where vi is closer to v0 than vi+1 in D), since D has no
cycle of length at least 3. In these cases, the vertex vi is called a 0-vertex and a 1-vertex in the former and the latter cases,
respectively. In the following argument, wemay suppose that ek is a Dehn twist in the positive direction. (For otherwise, we
could consider h−1 = w−1m w−1m−1 · · ·w−11 .)
(i) Suppose that W has a 0-vertex vk = (r, id). Then we have ek = τ(b) and h = w1 · · ·wk−1τ(b)wk+1 · · ·wm. Note that
both ω = w1 · · ·wk−1 and ω′ = wk+1 · · ·wm are orientation-preserving homeomorphisms preserving σ . So we get
h = ωτ(b)ω′.
(ii) Suppose thatW has a 0-vertex vk = (id, r). Then we have ek = τ(a) and h = w1 · · ·wk−1τ(a)wk+1 · · ·wm. We replace
h by
h = w1 · · ·wk−1τ(b)τ (a) · τ(a)−1τ(b)−1τ(a)τ (b)τ (a) · τ(a)−1τ(b)−1wk+1 · · ·wm.
Note that both ω = w1 · · ·wk−1τ(b)τ (a) and ω′ = τ(a)−1τ(b)−1wk+1 · · ·wm are orientation-preserving
homeomorphisms preserving σ . Moreover, we have
τ(a)−1τ(b)−1τ(a)τ (b)τ (a) = τ(b),
by Lemma 9. Hence we have the decomposition h = ωτ(b)ω′.
(iii) Suppose thatW has a 1-vertex vk = (r, id). Then both ek and ek+1 are τ(a), and hence h = w1 · · ·wk−1τ(a)2wk+2 · · ·wm.
Similarly to (i), it is a required decomposition since σ(a) is of order 2 and since ω = w1 · · ·wk−1 and ω′ = wk+2 · · ·wm
are orientation-preserving homeomorphisms preserving σ .
(iv) Suppose thatW has a 1-vertex vk = (r, r). Then both ek and ek+1 are τ(b), and hence h = w1 · · ·wk−1τ(b)2wk+2 · · ·wm.
Replace hwith
h = w1 · · ·wk−1τ(a) · τ(a)−1τ(b)2τ(a) · τ(a)−1wk+2 · · ·wm.
On the other hand, τ(a)−1τ(b)2τ(a) = (τ (a)−1τ(b)τ (a))2 is a 2-Dehn twist along bτ(a), by Lemma 8. So we get
h = ω · τ(bτ(a))2 · ω′, where ω = w1 · · ·wk−1τ(a)−1 and ω′ = τ(a)wk+2 · · ·wm preserve σ .
It is easy to see that either of (i)–(iv) must happen inW . Since ω and ω′ have length shorter than m, they have required
decompositions, by induction hypothesis. We need a, b, ba−1 ∈ Ω since ba−1 = bτ(a).
Case 3. σ = (ρ, id).
The left-hand side of Fig. 6 shows a transition diagram D of monodromies congruent to σ = (ρ, id). As in Case 2, let h be
an orientation-preserving homeomorphismover the torus, and then, by Lemma3,we have h = w1 · · ·wm, wherewi is either
τ(a), τ (b), τ (a)−1 or τ(b)−1 for i = 1, . . . ,m. Then h corresponds to a closed walkW = v0, e1, v1, e2, . . . , vm−1, em, vm in
D starting and ending at σ = (ρ, id). (So we suppose v0 = vm = (ρ, id).) Observe that D has a cycle of length at least 3,
though D in Case 2 does not. Hence we focus on the spanning subgraph D˜ of D with no cycle of length at least 3, which
is shown in the right-hand side of Fig. 6. As in the figure, D˜ is obtained from D by renaming the vertices to be xi, yi, zi for
simplicity, and removing the edges y2z2, x3z3, y1y3, z1z3, z2z3 from D.
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Fig. 6. Transition diagram D of monodromies congruent to (ρ, id) in the left side and its subgraph D˜with no cycle of length at least 2 in the right side.
We first suppose thatW (starting and ending at y1) passes only through edges of D˜. Note that ifW does not pass through
any loop, then h must be the identity. Hence we may suppose that W passes through a loop ek incident to the vertex
vk (=vk+1) of W . If vk = x2, then we have ek = τ(a). In this case, we take the shortest path W (x2, y1) in D˜ from x2 to
y1, which is x2y2y1 corresponding to a homeomorphism τ(b)τ (a). Then
h = w1 · · ·wk−1τ(a)wk+1 · · ·wk
= w1 · · ·wk−1τ(b)τ (a) · τ(a)−1τ(b)−1τ(a)τ (b)τ (a) · τ(a)−1τ(b)−1wk+1 · · ·wk.
Observe that ω = w1 · · ·wk−1τ(b)τ (a) and ω′ = τ(a)−1τ(b)−1wk+1 · · ·wk are homeomorphisms preserving σ , and
that τ(a)−1τ(b)−1τ(a)τ (b)τ (a) = τ(aτ(b)τ (a)) = τ(b), by Lemma 9. So we have to take b ∈ Ω . For the remaining
three loops incident to x3, y1, z1, we have the shortest paths W (x3, y1) = x3y3y2y1,W (y1, y1) = y1,W (z1, y1) =
z1z2x2y2y1, which correspond to Dehn twists τ(b)−1τ(a)2, id, τ (a)τ (b)2τ(a), respectively. Therefore, we must have
aτ(b)−1τ(a)2 , b, bτ(a)τ (b)2τ(a) ∈ Ω . Since bτ(a)τ (b)2τ(a) = b−1, aτ(b)τ (a) = b, aτ(b)−1τ(a)2 = b−1a3 by Proposition 10, we need
b, b−1, b−1a3 ∈ Ω .
Now suppose thatW passes through edges of D not contained in D˜. We say that the four edges y2z2, x3z3, y1y3, z3z1 of D˜
are of Type 1, and the edge z2z3 is of Type 2. We first consider an edge of Type 1 and suppose that ek = y2z2, for example.
(We may suppose that W passes through ek along its direction. For otherwise, we consider h−1 = w−1k · · ·w−11 .) Since ek
corresponds to τ(b) and since the shortest path from y2 to y1 is y2y1 corresponding to τ(a), we have
h = w1 · · ·wk−1τ(b)wk+1 · · ·wm
= w1 · · ·wk−1τ(a) · τ(a)−1τ(b)3τ(a) · τ(a)−1τ(b)−2wk+1 · · ·wm
= ωτ(bτ(a))3ω′,
where ω = w1 · · ·wk−1τ(a) and ω′ = τ(a)−1τ(b)−2wk+1 · · ·wm. Observe that the paths in D corresponding to ω and ω′
have fewer edges of Type 1 than h, and that a 3-Dehn twist τ(bτ (a))3 is possible, by Lemma 4, since σ(bτ(a)) is of order
3. Hence we need bτ(a) = ba−1 ∈ Ω . For the other three edges x3z3, y1y3, z3z1 of Type 1, we have to take simple closed
curves bτ(b)−1τ(a)2 , a, aτ(b)τ (a)2 for 3-Dehn twists. Repeating these procedures, we can decrease the number of edges of Type
1 but might increase the number of edges of Type 2. Since bτ(b)−1τ(a)2 = bτ(a)2 = ba−2 and aτ(b)τ (a)2 = aτ(a) = a, we have
ba−2, a ∈ Ω .
Finally, we decrease the number of edges of Type 2 without increasing that of Type 1. Suppose that W passes through
z2z3, an edge of Type 2. Since ek = z2z3 corresponds to τ(a), and since τ(a) = τ(b)τ (a)τ (b)τ (a)−1τ(b)−1 by Lemma 9, the
edge ek = z2z3 is replaceable with the path z2x2x2y2y3z3 of D˜, which contains no edge of Type 1.
Consequently, by Cases 1–3, we have
Ω = {a, b, a−1b, a−2b, b−1a−3},
since π1(T 2) is commutative. Hence the lemma holds. 
Remark. Observe that Lemma 6 can easily be extended to all orientable surfaces when the monodromies are trivial
(i.e., the even triangulations are 3-colorable). Consequently their isotopy version of the theorem (Theorem 1) holds for even
triangulations on any non-spherical orientable surfacesM with trivial monodromies.
4. Proof of the theorem
Proof of Theorem 2. By the definition of monodromies, if two even triangulations on the torus T 2 are N-equivalent up to
isotopy, then their monodromies are equivalent. Hence the necessity is obvious, and so we consider the sufficiency.
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Let N = max{K ,N ′}, where K and N ′ are the numbers in Lemma 6 and Theorem 5. Let G1 and G2 be two even
triangulations on T 2 with |V (G1)| = |V (G2)| = n ≥ N and σG1 ≈ σG2 ≈ σ . By Lemma 6, there exists H with |V (H)| = n
and σH ≈ σ , since n ≥ K . On the other hand, since n ≥ N ′,Gi and H are N-equivalent up to orientation-preserving
homeomorphism, by Theorem 5, for i = 1, 2. That is, for i = 1, 2, there exists an orientation-preserving homeomorphism
hi such that G and Hhi are N-equivalent up to isotopy. Hence, by Lemma 6, both Hh1 and Hh2 are N-equivalent up to isotopy
via H , and so are G1 and G2. 
5. Concluding remarks
Historically, diagonal flips in triangulations on surfaces have been well studied in the literature, as described in [16].
In particular, Negami proved that any two triangulations with the same and sufficiently large number of vertices can
be transformed into each other by a sequence of diagonal flips, up to homeomorphism [15]. As an analogy, Nakamoto
has considered the equivalence of quadrangulations by diagonal flips, up to homeomorphism [7,6]. Some phenomena are
similar to those of triangulations, but there exists a pair of inequivalent quadrangulations on each non-spherical surface
with the same and arbitrarily large number of vertices. Their inequivalence can be described by an invariant called a cycle
parity of a quadrangulation. The cycle parity of a quadrangulation G on a surface F 2 can be regarded as a homomorphism
ρ : π1(F 2)→ Z2, where π1(F 2) is the fundamental group of F 2.
For triangulations and bipartite quadrangulations (i.e., quadrangulations with trivial cycle parities), their isotopy version
of the theorem has been proved, since a 1-Dehn twist in a triangular ladder and a quadrangular ladder with even length
can be obtained by a sequence of diagonal flips [12]. Moreover, for non-bipartite quadrangulations in orientable surfaces
M , analyzing a transition diagram of cycle parties by Dehn twists in Humphries’ generators, we were able to prove that any
orientation-preserving homeomorphism preserving a cycle parity can be realized by a sequence of diagonal flips [11], as we
did for even triangulations.
As an analogy of the results for quadrangulations, we considered N-flips in even triangulations [14,13], and have given
a necessary and sufficient condition for even triangulations with the same and sufficiently large number of vertices to be
N-equivalent, up to homeomorphism [3]. As described at the end of Section 3, the isotopy version of the theorem holds
for 3-colorable even triangulations (i.e., ones with trivial monodromies). However, for those with non-trivial monodromies,
the transition diagram of monodromies by Dehn twists along Humphries’ generators will be so complicated, since each
generator of π1(M) can have six elements of S3.
In this paper, we have only dealt with the toroidal case. Since the fundamental group π1(T 2) of the torus T 2 is
commutative, the transition diagram of monodromies cannot be so complicated. That is, any homomorphism σ : π1(T 2)→
S3 is not surjective, since the symmetric group S3 is not commutative. (Hence, since the commutative subgroups of S3 are
id, Z2 or Z3, σ maps π1(T 2) to either of those, which corresponds to Case 1, 2 and 3 in the proof of Lemma 6 respectively.)
On the other hand, for orientable surfaces of genus at least 2, a monodromy may be a surjection on S3 and thus will require
more and more algebraic arguments to analyze its mapping class group.
Conjecture 12. Theorem 2 can be extended to all orientable surfaces.
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